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The two-point function of exactly marginal operators leads to a universal contribution to
the trace anomaly in even dimensions. We study aspects of this trace anomaly, emphasizing
its interpretation as a sigma model, whose target space M is the space of conformal field
theories (a.k.a. the conformal manifold). When the underlying quantum field theory is su-
persymmetric, this sigma model has to be appropriately supersymmetrized. As examples,
we consider in some detail N = (2, 2) and N = (0, 2) supersymmetric theories in d = 2
and N = 2 supersymmetric theories in d = 4. This reasoning leads to new information
about the conformal manifolds of these theories, for example, we show that the manifold
is Ka¨hler-Hodge and we further argue that it has vanishing Ka¨hler class. For N = (2, 2)
theories in d = 2 and N = 2 theories in d = 4 we also show that the relation between
the sphere partition function and the Ka¨hler potential ofM follows immediately from the
appropriate sigma models that we construct. Along the way we find several examples of
potential trace anomalies that obey the Wess-Zumino consistency conditions, but can be
ruled out by a more detailed analysis.
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1. Introduction
Some d-dimensional conformal field theories have exactly marginal operators {OI}.
This means that when we add them to the action with coupling constants λI ,
δS =
1
πd/2
∑
I
∫
ddxλIOI(x) (1.1)
the theory remains conformal. The coefficients λI parameterize the space of conformal
field theories, a.k.a. the conformal manifold M. The two-point functions
〈OI(x)OJ(y)〉 = gIJ(λ
K)
(x− y)2d (1.2)
define a metric, known as the Zamolodchikov metric [1]. It is the metric on the conformal
manifold [2]. It carries nontrivial information that cannot be removed by redefinitions
of the coupling constants λI [3]. For example, the Ricci scalar associated to gIJ (λ
K) is
invariant under all such redefinitions.
The purpose of this note is to explore the geometry and the topology ofM.1 Our main
tool will be the conformal anomaly first discussed in [5]. By allowing λI to be spacetime de-
pendent background fields, [5] derived a contribution to the trace of the energy-momentum
tensor, which depends on the Zamolodchikov metric gIJ .
In supersymmetric theories the anomaly above must be supersymmetrized. This in-
troduces a few new elements into the analysis. First, it leads to restrictions on the local
form of the metric gIJ and it also leads to global restrictions. Second, the anomaly forces
us to introduce some contact terms. We will study both aspects in detail.
In section 2 we review the analysis of these conformal anomalies (without supersym-
metry). Here we spell out the conditions they have to satisfy and show how a careful
analysis leads to new constraints beyond the Wess-Zumino consistency conditions [6].
In the remaining sections we will study N = (2, 2) and N = (0, 2) theories in two
dimensions and N = 2 theories in four dimensions.
1 In worldsheet string theory, M can be interpreted as the space of classical vacua of the
theory. In the AdSd+1/CFTd correspondence, the conformal manifold of the CFTd is interpreted
as the space of vacua in AdSd+1 (see e.g. [4]). These correspondences allow to connect our results
to various other topics.
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Our discussion of two-dimensional N = (2, 2) theories in section 3 leads to a new
proof2 that M factorizes into a space Mc depending on chiral couplings (λ, λ) and a
space Mtc depending on twisted chiral couplings (λ˜, λ˜). Their Ka¨hler potentials are
Kc(λ, λ) and Ktc(λ˜, λ˜). We will show thatM must be Hodge3 and will further argue that
its Ka¨hler class should be trivial. This, in particular, shows that M cannot be a smooth
compact manifold.
We will also study the sphere partition function. Without supersymmetry, there are
counterterms that render it ambiguous. With N = (2, 2) supersymmetry there are two
ways, denoted A and V , to place the theory on the sphere and the partition function has
universal content. It is given by
ZA =
(
r
r0
) c
3
e−Kc(λ,λ) ; ZV =
(
r
r0
) c
3
e−Ktc(λ˜,˜λ) . (1.3)
Here r is the radius of the sphere and r0 a (scheme dependent) scale. The dependence
on r reflects the ordinary conformal anomaly. As we will show, the appearance of Kc or
Ktc reflects another contribution to the conformal anomaly depending on exactly marginal
couplings. The identifications (1.3) were conjectured in [8] and proven in [9] as well as
in [10] based on the work of [11-13].
In section 4 we will discuss N = (0, 2) theories in d = 2. Our analysis leads to
restrictions on the metric onM and shows that M is Hodge and suggests that its Ka¨hler
class is trivial. But we will argue that the two-sphere partition function is not universal.
Section 5 is devoted to N = 2 theories in d = 4. Again, the sphere partition function
has universal content and computes the Ka¨hler potential on M
Z =
(
r
r0
)−4a
eK/12 . (1.4)
This relation was proven in [10] as well as in [14] and was further used in [15-17]. N = 2
supersymmetry fixes an additional contribution to the conformal anomaly depending on
a four-tensor in M in terms of the Riemann tensor of the Zamolodchikov metric. As in
2 In this paper we assume that the coupling constants can be promoted to N = (2, 2) chiral
and twisted chiral superfields. This assumption is non-trivial as it can fail in some cases [7].
3 A Ka¨hler-Hodge manifold is a Ka¨hler manifold for which the flux of the Ka¨hler two-form
through any two-cycle is an integer.
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two dimensions, our analysis shows that M is Hodge and suggests that its Ka¨hler class is
trivial.4
Our discussion is reminiscent of that of [19,20]. In both cases nontrivial contact
terms are identified. They cannot be absorbed by supersymmetric local counterterms and
therefore correspond to anomalies. They reflect short distance physics and can be analyzed
in the flat space theory. Then, these contact terms have interesting consequences when
the theory is placed on the sphere.
For a related supersymmetric analysis of conformal anomalies in N = 1 theories in
d = 4 and N = 2 theories in d = 3 see [21,22].
Four appendices contain technical results. Appendix A concerns with the normaliza-
tion of the anomalies. In Appendix B we collect some properties of the Fradkin-Tseytlin-
Paneitz-Riegert (FTPR) operator, which appears in the anomaly in d = 4. Appendix C
reviews (2, 2) and (0, 2) supersymmetry in two dimensions and their linearized supergrav-
ities. Appendix D considers (2, 2) Poincare´ supergravity in superconformal gauge (which
always exists locally). We classify the allowed rigid supersymmetric backgrounds in this
gauge.
2. The anomaly associated with the metric on M
In momentum space the two-point functions (1.2) take the following form
〈OI(p)OJ (−p)〉 ∼ gIJ
{
pd d = 2n+ 1
p2n log
(
Λ2
p2
)
d = 2n .
(2.1)
The explicit scale (or cutoff) Λ in the logarithm does not violate scale invariance. The
reason is that rescaling Λ changes the answer by a polynomial in p2, which is a contact
term. The correlation function at separated points (1.2) therefore remains intact under
rescaling Λ. Such logarithms appear abundantly in conformal field theories (CFTs). Even
though they do not violate the conformal Ward identities, they lead to anomalies (i.e.
the non-conservation of the dilatation charge in the presence of non-vanishing background
4 We do not make this claim for N = 1 theories in four dimensions. In fact, [18] suggested a
construction of compact conformal manifolds in N = 1 theories.
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fields). One way to detect it is to make the couplings, λI , x-dependent. Then, the trace
anomaly in even dimensions includes a term, roughly of the form [5,23]:5
Tµµ ⊃ gIJλI
d
2 λJ . (2.2)
The precise action of the Laplacian could be to the left and to the right. We will specify
this later for d = 2 and d = 4.
We study CFTs with spacetime metric γµν and spacetime dependent coupling con-
stants λI . We assume that the theory can be regulated in a diffeomorphism-invariant
fashion. Specifically, we assume that the energy-momentum tensor is conserved even at
coincident points (apart from the ordinary Ward identity relations). We will be interested
in the partition function Z[γµν ;λ
I ] and its variation δσ logZ under infinitesimal Weyl
transformations
δσγµν = 2 δσ γµν (2.3)
with infinitesimal δσ of compact support. Naively, conformal invariance means that the
variation vanishes. But because of the anomaly, it does not. This variation satisfies a
number of important properties:
1. Z[γµν ;λ
I ] is a nonlocal functional of its arguments. However, its variation δσ logZ is
a local functional of γµν , λ
I and δσ.
2. δσ logZ must be coordinate invariant in spacetime.
3. It must be coordinate invariant in M. Below we will argue that it should also be
globally well defined on M.
4. It must obey the Wess-Zumino consistency condition [6]
δσ1δσ2 logZ − δσ2δσ1 logZ = 0 . (2.4)
5. A term in δσ logZ that is obtained by a Weyl variation of a local term is considered
trivial. An anomaly is a “cohomologically nontrivial” term. It cannot be removed
by changing a counterterm. Equivalently, it cannot be removed by changing the
renormalization scheme [24]. Therefore, even though the anomaly arises due to a
short distance regulator, it is universal – it does not depend on the regularization.
5 This term is in addition to the ordinary conformal anomalies, which depend only on the
spacetime metric.
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Let us start in d = 2. The infinitesimal Weyl variation of logZ responsible for the
trace anomaly (2.2) and the ordinary trace anomaly is given by
δσ logZ =
c
24π
∫
d2x δσ
√
γR − 1
4π
∫
d2x δσ
√
γ gIJγ
µν∂µλ
I∂νλ
J . (2.5)
Here R is the Ricci scalar and the first term is the universal contribution due to the central
charge c. The normalization of the second term is worked out in Appendix A.
The anomaly functional (2.5) includes a sigma model with target space M. It man-
ifestly obeys the Wess-Zumino consistency condition because it is Weyl invariant. There
is no local counterterm, whose Weyl variation yields (2.5). Therefore, (2.5) is cohomo-
logically nontrivial. In the language of [25] one could refer to the first term in (2.5) as a
type-A and to the second term as a type-B anomaly.6
An important part of our discussion will be the analysis of the allowed local counter-
terms (related to item 5 in the list above). In two dimensions, an important counterterm
is ∫
d2x
√
γ RF (λI) . (2.6)
Its Weyl variation is
δσ
∫
d2x
√
γ RF (λI) = −2
∫
d2x
√
γδσF (λI) . (2.7)
We will see various consequences of this counterterm in what follows.
In addition to (2.5), there are other potential trace anomalies that we need to consider.
First, we have the parity odd type-B anomaly
δσ logZ ⊃
∫
d2x δσ
√
γ BIJǫ
µν∂µλ
I∂νλ
J , (2.8)
with an anti-symmetric two-form BIJ on the conformal manifold M. Also, we have two
type-A anomalies
δσ logZ ⊃
∫
d2x ∂µδσ
√
γ VIγ
µν∂νλ
I , (2.9)
and
δσ logZ ⊃
∫
d2x ∂µδσ
√
γ V˜Iǫ
µν∂νλ
I . (2.10)
6 A type-A anomaly vanishes for x-independent δσ when the background fields have trivial
topology. A type-B anomaly does not vanish for constant sigma even for trivial topology and
reflects logarithms in certain correlation functions.
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They are characterized by one-forms VI and V˜I on M. We note that (2.10) is invariant
under the gauge transformation V˜I → V˜I+∂I f˜ . On the other hand, (2.9) transforms under
VI → VI + ∂If , but the change is cohomologically trivial. It can be absorbed in the Weyl
variation of the local counterterm (2.6) with F ∼ f(λI). This allows us to identify VI and
V˜I as connections on the conformal manifold M.
We will now show that even though (2.8),(2.9),(2.10) obey the Wess-Zumino consis-
tency conditions, a more detailed analysis leads to further restrictions, ruling out these
anomalies. This demonstrates that constraints that go beyond the standard cohomological
analysis can further restrict anomalies.
First, a simple argument excludes all type-B anomalies that are beyond that in (2.5).
We recall that a type-B anomaly is associated to a logarithm appearing in a correlation
function. Without loss of generality we can study the theory in flat Euclidean spacetime
with γµν = δµν . Consider the momentum space correlation function of the exactly marginal
operators
〈OI1(p1)OI2(p2) · · ·OIn(pn)〉 = logΛ δ
(∑
pr
)
AI1I2···In + · · · , (2.11)
where the ellipses on the right-hand side represent terms independent of the UV cutoff
Λ. Since the operators OI are exactly marginal, the coefficient of the logarithm must be
ultra-local, i.e. a polynomial in momentum (otherwise, there would be a beta function
for the couplings λI). Scale invariance constrains AI1I2···In to be quadratic polynomials
in the momenta pr. Therefore, we can determine AI1I2···In by picking specific simple
combinations of momenta. For example, for p2 = −p1 and p3 = p4 = · · · = 0 it is clear
that AI1I2···In ∼ p21∂I3∂I4 · · ·∂IngI1I2 . Similar other specific cases show that AI1I2···In is
determined entirely by derivatives of the Zamolodchikov metric. This means that the
additional parity odd anomaly (2.8) controlled by a two-form cannot be present. More
precisely, the argument above shows that HIJK = ∂[IBJK] = 0 and hence BIJ is locally
given by BIJ = ∂[IBJ ] for some one-form BJ . By integration by parts we find that this
anomaly is now identical to the type-A anomaly (2.10). We will discuss it below.
Next, we argue that VI and V˜I in the type-A anomalies (2.9),(2.10) must satisfy
∂[IVJ ] = ∂[I V˜J ] = 0, i.e. these connections are flat. These anomalies can be extracted from
the following energy-momentum correlator
〈Tµν(z)OI (x)OJ(y)〉 . (2.12)
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Using the conformal Ward identity at separated points, the correlator must be proportional
to gIJ . There could also be contributions with support at x = y 6= z, or z = x 6= y, or
z = y 6= x. In the first case the only contact term allowed by dimensional analysis contains
Tµµ , which has zero separated-points correlation functions. In the second and third case,
we can have the contact term Tµν(x)OI(0) ∼ δµνδ(2)(x)MKI OK(0) with some matrixMKI .
This would lead to a logarithmic term in the three-point function (2.12), of the type already
analyzed above, and hence, it is proportional to the Zamolodchikov metric and does not
contribute to the anomalies VI and V˜I .
Therefore, all the terms in (2.12) that are associated to separated points physics are
proportional to gIJ . They cannot lead to nonzero “field strengths” ∂[IVJ ] or ∂[I V˜J ], which
are anti-symmetric in I and J . Thus, at least locally, the connections VI and V˜I are pure
gauge and the associated anomalies vanish.
Summarizing, we have seen that even though (2.5),(2.9),(2.10), are a priori allowed
anomalies that obey the Wess-Zumino consistency conditions, they can be all excluded.
This will have important consequences in what follows.
Thus far we limited ourselves to deformations by exactly marginal operators with
coefficients λI as in (1.1). If the CFT also has conserved currents jaµ, then it is natural
to couple them to classical background fields Aaµ and examine the anomaly as a function
of these fields. The anomaly sigma models now depend on the spacetime metric γµν , the
couplings λI , and the gauge fields Aaµ. The operatorsOI are taken to carry charges −qaI and
the coupling constants λI thus carry charges qaI . Away from λ
I = 0 some of the symmetries
generated by jaµ may be thus explicitly broken. Related expressions appear in [23]. In
addition to the previous requirements of conformal invariance, coordinate invariance in
spacetime and on M, we should now also demand gauge invariance. The equation (2.5)
is modified by simply replacing ∂µλ
I → ∇µλI = ∂µλI − iqaJAaµλJ . In addition, one could
encounter new anomalies that contain the field strength F aµν . There could also be ’t Hooft
anomalies under gauge transformations.
In d = 4 the local functional that reproduces the logarithm in the two-point func-
tion (2.1) is a four-derivative local term. One can construct it by starting with the ansatz
δσ logZ ⊃
∫
d4x δσ
√
γ gIJλ
I
λJ+ · · · and covariantize this expression both in spacetime
and inM. One also requires that it satisfies the Wess-Zumino consistency condition (2.4).
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After some work7 one finds the expression8
δσ logZ ⊃ 1
192π2
∫
d4x
√
γ δσ
(
gIJ ̂λ
I
̂λJ − 2 gIJ∂µλI
(
Rµν − 1
3
γµνR
)
∂νλ
J
)
.
(2.13)
Above ̂λI = λI +ΓIJK∂
µλJ∂µλ
K , where ΓIJK is the usual Christoffel connection onM.
The ordinary Laplacian  is enriched to ̂ so that the anomaly is coordinate invariant
on M, as we demand in general. At this juncture ΓIJK could be an arbitrary connec-
tion, not necessarily the Levi-Civita one. However, demanding that (2.13) satisfies the
Wess-Zumino consistency condition forces ΓIJK to be the Levi-Civita connection. Note
that (2.13) coincides with expressions that appeared in [28] and [31] in related contexts.
The combination (2.13) can be viewed as an interesting variant of the Fradkin-Tseytlin-
Paneitz-Riegert operator [33], which we discuss further in Appendix B.
While we do not present an exhaustive classification of anomalies in four dimensions,
there is an additional conformal anomaly that depends on a four-tensor on M with com-
ponents cIJKL that we would like to mention:
δσ logZ ⊃
∫
d4x δσ
√
γ cIJKL∂µλ
I∂µλJ∂νλ
K∂νλL . (2.14)
The four-tensor cIJKL may be either an independent rank-four tensor on the mani-
fold M, or it may be fixed by the Zamolodchikov metric, e.g. cIJKL ∼ gIJgKL or
cIJKL ∼ RIKJL+RJKIL, where RIKJL is the Riemann tensor onM.9 The Wess-Zumino
consistency condition (2.4) does not imply a relation between cIJKL and the Zamolod-
chikov metric. However, in section 5 we will show that in N = 2 supersymmetric theories,
such a relation must exist, and cIJKL is proportional to the Riemann curvature tensor of
the Zamolodchikov metric.
For future references, let us also list some of the allowed counterterms in four dimen-
sions ∫
d4x
√
γ
(
R2 F1(λ
I) +R2µν F2(λ
I) +R2µνρσ F3(λ
I) + · · ·
)
. (2.15)
7 We use the convention [∇µ,∇ν ]Vρ = RµνρσVσ.
8 The fact that the anomaly
∫
d4x
√
γ δσ gIJ∂νλ
J∂µλ
IRµν is proportional to the Zamolod-
chikov metric at the fixed point plays a very important role in perturbative proofs of the strong
version of the a-theorem [26,5,27-29]. The situation in d = 6 unfortunately appears to be more
complicated [30,31]. For a review see [32].
9 We thank Y. Nakayama for a discussion on the topic and for stressing the potential relevance
of the anomaly (2.14) to the question of locality in AdSd+1. See for instance [34].
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We will be particularly interested in the case where the underlying theory is supersym-
metric. Then, the exactly marginal couplings λI reside in various superfields [35]. If the
superconformal field theory (SCFT) can be regularized in a supersymmetric manner, then
we must further require that the local anomaly functionals above be supersymmetrized.
We will study some of the consequences of supersymmetrizing (2.5) and (2.13). We will
show that the remaining ambiguity (2.6) in the renormalization scheme in two dimensions
and (2.15) in four dimensions is restricted to have holomorphic dependence on the coupling
constants. This fact has several important consequences. In particular, it makes the sphere
partition function meaningful (up to a Ka¨hler transformation generated by a holomorphic
function [10,14]).
3. N = (2, 2) Supersymmetry in d = 2
Our goal in this section is to determine the conformal anomaly and analyze its con-
sequences in N = (2, 2) supersymmetric theories in two dimensions. Here the exactly
marginal parameters belong either to background chiral multiplets or twisted chiral mul-
tiplets, which we denote by λI and λ˜A, respectively.
First, we should supersymmetrize the anomaly (2.5) and the counterterm (2.6). For
that we need to place the theory not only in curved space but in curved superspace [36].
N = (2, 2) supergravity was discussed in [37-41] and, in particular, the possibilities for
rigid supersymmetry in curved space were analyzed in [41]. (We repeat this analysis in
the superconformal gauge in Appendix D.)
We should discuss two distinct supergravity formulations known as U(1)V and U(1)A
supergravities [37]. These are labeled by whether the U(1) symmetry preserved in the
Poincare´ supergravity theory is vector or axial.10
In terms of the (2, 2) SCFT this distinction is the following. The (2, 2) SCFT has
a U(1)V × U(1)A R-symmetry. We can couple either U(1)V or U(1)A to a background
gauge field, but an anomaly prevents us from coupling both of them to background fields.
Correspondingly, the coincident points divergences and the associated contact terms can
preserve either U(1)V or U(1)A R-symmetry but not both. These contact terms are de-
scribed by the corresponding supergravity. Equivalently, we assume that the theory can
10 To follow the discussion below (in our analysis of two-dimensional theories) no familiarity
with supergravity is necessary.
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be regularized while preserving diffeomorphism invariance and supersymmetry as well as
either U(1)V or U(1)A. In particular, we assume that there are no gravitational anomalies
so that cL = cR.
We find it convenient to use a simplification specific to two dimensions. Since lo-
cally every two-dimensional metric is conformally flat, we can describe the metric using
the conformal factor σ – the Liouville field. This statement is easily supersymmetrized.
Every supergravity background can be described locally by a superconformal factor in a
superfield. In U(1)A supergravity it is in a chiral superfield Σ and in U(1)V supergravity
it is in a twisted chiral superfield Σ˜ (see Appendix C). The corresponding superconformal
variations, whose anomalies we are interested in, are δΣ and δΣ˜ respectively. In what
follows we will concentrate mainly on U(1)A. It is straightforward to repeat it for U(1)V .
The supersymmetrization of the conformal anomaly (2.5) is then straightforward. In
the regularization preserving U(1)A, the anomaly is given by
δΣ logZA = − c
24π
∫
d2xd4θ(δΣ+ δΣ)(Σ + Σ) +
1
4π
∫
d2x d4θ
(
δΣK(λ, λ, λ˜, λ˜) + c.c.
)
,
(3.1)
where K is a complex function of the exactly marginal couplings.11 Clearly, these expres-
sions obey the Wess-Zumino consistency condition.
One might try to integrate (3.1) to find the Σ dependence of logZA. Although this
can be done as a local expression in terms of Σ, the answer is nonlocal. The point is that
it is valid and local in the superconformal gauge, but it is nonlocal in other gauges. This
property makes it particularly interesting, as it cannot be absorbed in local counterterms.
In order to proceed we must find the most general supersymmetric expression, which is
local in any gauge, and can serve as a local counterterm. This is the supersymmetrization
of (2.6). In U(1)A the local counterterm is [10]
SA =
1
4π
∫
d2x d2θRF (λ) + c.c. = 1
4π
∫
d2x d4θΣF (λ) + c.c. , (3.3)
11 In the full supergravity without using the conformal gauge the anomaly takes the form
δΣ logZA = − c
24pi
(∫
d
2
xd
2
θ E R δΣ+ c.c.
)
+
1
4pi
∫
d
2
x d
4
θ E
(
δΣK (λ, λ, λ˜, λ˜) + c.c.
)
(3.2)
where E is the chiral superspace measure, E is the Berezinian superfield, and here R is a chiral
superfield that contains the Ricci scalar in its θ2 component. The first term represents the ordinary
anomaly.
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where R = D2Σ is the chiral curvature superfield in superconformal gauge. The counter-
term (3.3) depends only on the chiral parameters λ and the dependence is holomorphic.12
Under a super-Weyl transformation
δΣSA =
1
4π
∫
d2x d4θ
(
δΣF (λ) + δΣF (λ)
)
. (3.5)
Further restrictions onK can be found by expanding (3.1) in components and requiring
that the forbidden two-dimensional anomalies (2.8),(2.9),(2.10) are absent. Note that this
goes beyond the Wess-Zumino consistency conditions. After some algebra, the conclusion
is that K is real and
K = Kc(λ, λ)−Ktc(λ˜, λ˜) , (3.6)
and therefore the metric onM is a product metric of two Ka¨hler manifoldsM =Mc×Mtc.
The Ka¨hler potential on Mc is Kc and it depends only on the chiral parameters and the
Ka¨hler potential onMtc is Ktc and it depends only on the twisted chiral parameters. This
splitting between the chiral and the twisted chiral parameters is well known and is natural
in the context of type II string theory, where (2, 2) worldsheet theories lead to N = 2
supersymmetry in spacetime. The hypermultiplet and the vector multiplet metrics are
factorized as a consequence. Here we see that it follows from properties of anomalies on
the worldsheet.
We conclude that the anomaly is
δΣ logZA = − c
24π
∫
d2xd4θ(δΣ+δΣ)(Σ+Σ)+
1
4π
∫
d2x d4θ (δΣ+δΣ) (Kc(λ, λ)−Ktc(λ˜, λ˜)) .
(3.7)
Next, we would like to check the invariance of (3.7) under Ka¨hler transformations. It
is trivially invariant under
K → K +G(λ˜) +G(λ˜) . (3.8)
In addition, under the Ka¨hler transformation
K → K+ F (λ) + F (λ) (3.9)
12 In the full supergravity without using the conformal gauge the counterterm is
SA =
1
4pi
∫
d
2
x d
2
θ E RF (λ) + c.c. . (3.4)
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the anomaly shifts by the super-Weyl variation (3.5) of the supersymmetric local counter-
term (3.3).
The lack of strict Ka¨hler invariance under (3.9) can be interpreted in several different
ways with interesting consequences. First, we can simply state that the Ka¨hler transfor-
mation should be accompanied by a change in a local counterterm. Second, we can assign
a transformation law to Σ
Σ→ Σ+ 6
c
F (λ) (3.10)
and use the first term in (3.7) to achieve full Ka¨hler invariance of the anomaly (here we
assume c 6= 0). This perspective means that e c6Σ is a holomorphic section of a line bundle,
whose first Chern class is the cohomology class of the Ka¨hler form on M and therefore
M must be Hodge. This result, which we have now derived using the anomaly, is known
for sigma models with Calabi-Yau target spaces and for general (2, 2) theories. It is also
natural in the context of string compactification as a property of the four-dimensional
supergravity theory [42] (see a refinement of this statement in [43-46]). In that context
the action depends on − c6 (Σ + Σ) + K where Σ is the spacetime dilaton superfield, or
equivalently, it is the spacetime conformal compensator. This is similar to our Σ, which
is the two-dimensional conformal factor. Indeed, integrating the anomaly (3.7) we obtain
the anomalous piece of the effective action in superconformal gauge
logZA ⊃ − c
48π
∫
d2x d4θ
(
Σ+ Σ− 6
c
K
)2
. (3.11)
Finally, we can try to use this analysis to suggest a stronger result. It is well known,
and we have used it extensively, that the anomaly variation is a well defined local term.
The lack of strict Ka¨hler invariance means that our anomaly is not quite well defined. If
the Ka¨hler class of M is trivial, there is no immediate problem since we are not forced
to perform the Ka¨hler transformations (3.9) and we thus have a global description of the
theory. Different presentations of the theory might be related by Ka¨hler transformations,
but this can be absorbed in a local counterterm or in a redefinition of Σ. However, when
the Ka¨hler class ofM is nontrivial, there is a difficulty. In that case we must coverM with
patches and transition functions that involve Ka¨hler transformations and correspondingly
a change in the counterterm (2.6).
Now, consider the couplings changing in spacetime in such a way that we must use the
transition functions (e.g. spacetime wraps a nontrivial cycle in M). Here different parts
of spacetime have coupling constants in different patches in M and since the transition
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functions between them need a counterterm, e.g. (2.6), there is no single Lagrangian in
all of spacetime! We suggest that such a situation is inconsistent. This would mean that
M and the various fields on it are such that no such transition functions are needed.
Therefore, we arrive at the conclusion that M must have vanishing Ka¨hler class. This
argument is analogous to that of [47], with the difference being that we are considering the
properties of the space of theories rather than the usual target space of a specific sigma
model.
More generally, we should always require that the scale variation of the partition
function is a local, globally-defined functional of the background fields. In our context,
the anomaly functional contains K explicitly and is therefore not invariant under Ka¨hler
transformations. The anomaly functional is well defined only if the Ka¨hler class vanishes.
Let us now extract some useful physical information from our anomalies (3.7). It
suffices for our purposes to evaluate the anomaly keeping only the bottom components of
the multiplets of the exactly marginal parameters λI and λ˜A and of δΣ
δΣ
∣∣ = δσ + iδa , (3.12)
where δa parameterizes the U(1)V transformation. We find
δΣ logZA = − 1
2π
∫
d2x
(
δσ
(
gIJ∂µλ
I ∂µλJ + g˜AB ∂
µλ˜A∂µλ˜
B
)
− 1
2
δσKc
+ δa
(
∂µAµ + ǫµν∂µA˜ν
)
+
c
6
(
δσσ + δaa
))
,
gIJ = ∂I∂JKc ,
g˜AB = ∂A∂BKtc ,
Aµ = i
2
(
∂IKc∂µλ
I − ∂IKc∂µλ
I
)
,
A˜µ = i
2
(
∂AKtc∂µλ˜
A − ∂AKtc∂µλ˜A
)
.
(3.13)
Here we have integrated by parts and used the metrics gIJ and g˜AB on Mc and Mtc as
well as the pull-back of the Ka¨hler one-forms Aµ and A˜µ, whose exterior derivatives give
the Ka¨hler two-forms of Kc and Ktc. We note that only the Ka¨hler potential Kc for the
chiral multiplets appears in the term proportional to δσ in (3.13). This is due to the fact
that δΣ is a chiral multiplet. This point will be important below.
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Another way of stating our equations uses the supercurrent multiplet. As we review
in Appendix C, the relevant axial supercurrent multiplet consists of real (in Lorentzian
signature) J±± and a chiral W satisfying
D±J∓∓ = ±D±W . (3.14)
In a conformal theory W = 0. Our anomaly is
W = − c
24 π
R+ 1
4π
D
2
(Kc(λ, λ)−Ktc(λ˜, λ˜)) , (3.15)
where R = D2Σ is the chiral curvature superfield. As above, it is invariant under Ka¨hler
transformations of Ktc, but not under Ka¨hler transformations of Kc. We can absorb
Ka¨hler transformations of Kc by improvements of the energy-momentum tensor multiplet.
Alternatively, we can make it invariant by also shifting Σ. From the first point of view
it thus follows that if the Ka¨hler class of M is non-vanishing, upon letting the coupling
constants wrap some two-cycle in M, we would not be able to define a single energy-
momentum tensor throughout our two-dimensional space. This again suggests that the
Ka¨hler class of Kc vanishes.
In the absence of supersymmetry, the last term δσKc in the first line of (3.13)
would be cohomologically trivial and could be tuned away by an appropriate choice
of regularization scheme. Indeed, this term is proportional to the variation of the lo-
cal term, δσ
∫
d2x
√
γRKc. However, since we are, by assumption, defining the parti-
tion function using a supersymmetric regulator, cohomologically trivial terms must arise
from the Weyl variation of U(1)A supergravity invariants. The most general such term is
δσ
∫
d2x
√
γR(F (λ) + F (λ)) with holomorphic F (λ) (see (3.3)). Therefore, modulo Ka¨hler
transformations, the anomaly in (3.13) is a genuine new contribution to the trace anomaly
in N = (2, 2) SCFTs.
Even in the absence of supersymmetry, the terms in (3.13)
− 1
2π
∫
d2xδσ
(
gIJ∂µλ
I ∂µλJ + g˜AB ∂
µλ˜A∂µλ˜
B
)
(3.16)
are cohomology nontrivial since they cannot be generated by the Weyl variation of any
local term. These are precisely the terms we discussed in (2.5). This part of the anomaly
is captured by a nonlocal term in the effective action, whose Weyl variation reproduces
the anomaly (3.16). Supersymmetry relates this nonlocal universal term to local terms
14
that upon a Weyl transformation give rise to the term δσKc in (3.13). We can thus
reconstruct these terms in the effective action by integrating the anomaly sigma model.
In the evaluation of the partition function for constant sources λI and λ˜A and vanishing
a, it suffices to focus on the term δσKc. First we covariantize it
δΣ logZA ⊃ 1
4π
∫
d2x
√
γδσKc . (3.17)
Using δσ
√
γR = −2√γ δσ we learn that the partition function contains
logZA ⊃ − 1
8π
∫
d2x
√
γRKc . (3.18)
We repeat that this is not a supersymmetric local term. It is related by supersymmetry to
some nonlocal terms that generate the anomaly (3.16). This is the reason the coefficient
of (3.18) is physical. The super-Weyl invariant terms in ZA vanish identically since all
two-dimensional supergravity backgrounds are superconformally flat.
Upon evaluating the partition function on the two-sphere S2 and for constant sources
we obtain that the S2 partition function of a N = (2, 2) SCFT regularized preserving
U(1)A is
ZA[S
2] =
(
r
r0
) c
3
e
− 1
8pi
∫
S2
d2x
√
γRKc =
(
r
r0
) c
3
e−Kc , (3.19)
where we exhibit the radius of the sphere r, which arises from the ordinary central charge
anomaly. Note that in agreement with the picture above, we either say that ZA is not
Ka¨hler invariant, or we accompany Ka¨hler transformations with r → re 3c (F (λ)+F (λ)). We
remark that (3.19) is correct for any compact manifold with the topology of the two-sphere,
the prefactor being reexpressed in terms of the area of the manifold. This is consistent
with [9], who argued that the S2 partition function is independent of squashing.
The analysis extends almost verbatim in U(1)V supergravity. In this case the anomaly
(3.7) becomes
δ
Σ˜
logZV ⊃ 1
4π
∫
d2x d4θ (δΣ˜ + δΣ˜)
(
Ktc(λ, λ)−Kc(λ˜, λ˜)
)
. (3.20)
And using Σ˜ = σ + ia˜
δ
Σ˜
logZV = − 1
2π
∫
d2x
(
δσ
(
gIJ∂µλ
I ∂µλJ + g˜AB ∂
µλ˜A∂µλ˜
B
)
− 1
2
δσKtc
+ δa˜
(
∂µA˜µ + ǫµν∂µAν
)
+
c
6
(
δσσ + δa˜a˜
))
.
(3.21)
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Now the Ka¨hler potential for the twisted chiral multiplets Ktc appears explicitly in the
anomaly since Σ˜ is a twisted chiral multiplet. Integrating the anomaly, as above, we arrive
at
ZV [S
2] =
(
r
r0
) c
3
e
− 1
8pi
∫
S2
d2x
√
γRKtc =
(
r
r0
) c
3
e−Ktc . (3.22)
In summary, we have re-derived the result that supersymmetric S2 partition functions
of N = (2, 2) SCFTs are expressed in terms of the Ka¨hler potential on the appropriate
moduli space of theories [8,9] (see also [10]). Our derivation shows that this phenomenon
follows directly from a new trace anomaly in supersymmetric field theories. The new trace
anomaly is tied by supersymmetry to the anomaly associated with the Zamolodchikov
metric. Our methods also led to the suggestion that the Ka¨hler class of M vanishes.
It is important that the anomalies we discussed reflect UV physics. They are indepen-
dent of the background spacetime and can be explored locally in flat space. The sphere
partition function was used as a tool to extract this anomaly. We note that we simply
substituted Σ of a sphere.
In Appendix D we discuss a classification of supersymmetric backgrounds using our
superconformal gauge formalism. Specifically, we consider Σ = σ + ia+ θ2w with various
σ, a, and w. The round sphere discussed above corresponds to a = 0 but with σ and
w non-vanishing. We would like now to make a few comments on the other possible su-
persymmetric backgrounds, and in particular, about the topologically twisted background
on the two-sphere a = iσ (such that Σ = R = 0). Due to the anomaly c/6 ∫ d2xδaa
in (3.13), the partition function needs to transform with a nonzero phase under U(1)V
transformations. Hence, the S2 partition function on the twisted sphere vanishes (see [48-
50]). If one introduces the parameter w, then this phase can be absorbed by including
w−c/3 in the partition function. The partition function can be argued to be holomorphic
as a function of the coupling constants. But since the holomorphic counterterm (3.3) does
not vanish (the anti-holomorphic one vanishes), only the singular part of the dependence
on coupling constants is physical. It would be interesting to understand what these sin-
gular pieces mean. They were recently computed in [51,52]. Another interesting open
question concerns Calabi’s diastasis, which is a nice Ka¨hler invariant observable in (2, 2)
SCFTs. It has an elegant interpretation in terms of conformal interfaces [53], and it would
be interesting to see if our methods shed light on it.
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4. (0,2) Supersymmetric Theories
Here we consider (0, 2) SCFTs and study their trace anomaly. Our conventions are
such that the supersymmetry is right-moving. The exactly marginal operators are neces-
sarily in Fermi multiplets [54] (see [55] for background on (0, 2) models). The corresponding
couplings are in chiral superfields λI . We will determine their contribution to the conformal
anomaly.
We plan to place the theory in a nontrivial supergravity background. This is simpler
when the supergravity theory is anomaly free. First, to avoid gravitational anomalies we
must relate the left-moving and the right-moving central charges cL = cR. Similarly, cR
determines the anomaly in the right-moving U(1) current and we assume that there is
also a left-moving U(1) current with the same anomaly. Then we can gauge an anomaly
free linear combination of these two currents. Note that even if we do not have such an
anomaly free setup, we can imagine adding decoupled fields to achieve it.
Under these assumptions, the supergravity transformations (which include gauge
transformations for a U(1) gauge field) are non-anomalous. One can then naturally cou-
ple the theory to the corresponding supergravity and study it in nontrivial supergravity
backgrounds. We will refer to the gauged U(1) symmetry as axial (as in our discussion of
U(1)A (2, 2) supergravity above) and then the vector U(1) symmetry is a global symmetry,
suffering from an anomaly.
Before delving into a technical discussion, let us summarize what we find. The trace
anomaly in (0, 2) models contains a term depending on the Ka¨hler potential, supersym-
metrizing the ordinary bosonic anomaly (2.5). But there is an additional term in the trace
anomaly that depends on a new function of the couplings, H. This function is not fixed
by the (0, 2) theory. It depends on precisely how we couple the theory to the background
fields. It is instructive to consider a (2, 2) theory viewed as a (0, 2) theory. Then this
function H is given as
H ∼ Kc −Ktc ; (4.1)
i.e. in this case the function is physical and unambiguous. But in general (0, 2) models
it is ambiguous. The sphere partition function depends on H and therefore the sphere
partition function in such theories is not universal. However, the arguments leading to
the conclusion that the Ka¨hler class vanishes do hold in (0, 2) models and in particular,
the moduli space of SCFTs cannot be compact. This is in accord with intuition from the
heterotic string, where (0, 2) models are used to construct N = 1 supergravity theories in
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spacetime. In such cases it is known that the vacuum manifold is Ka¨hler-Hodge [42] (see
also [43-46]). For a related stringy discussion see [56,54].
As in the (2, 2) theory, we find it convenient to use the superconformal gauge. But
unlike the (2, 2) theory there are two natural “conformal gauges.” The difference between
them is in the gauge condition imposed on the U(1) gauge field.
One possibility is to use the gauge A−− = 0, where A−− couples to the right-moving
U(1) current j++ in the superconformal algebra. In this case the remaining degrees of
freedom are in a real superfield V = σ + i2θ
+Ψ+ +
i
2θ
+
Ψ+ + θ
+θ
+
A++. In the linearized
supergravity approximation which we review in Appendix C (see also [57]) this corresponds
to H++ = H−−−− = 0 with V = 12H.
Alternatively, we impose Lorentz gauge on that gauge field ∂µAµ = 0, which is solved
locally by Aµ = ǫµν∂
νa. Then the remaining degrees of freedom are in a chiral multiplet
Σ = σ + ia+ iθ+Ψ+ − iθ+θ+∂++(σ + ia).
These two multiplets are almost identical. Given Σ we can write V = 12 (Σ + Σ). But
given V , the chiral superfield Σ = − i
∂++
D+D+V is nonlocal. The lack of locality affects
only a. Its zero mode is present in Σ but not in V . Conversely, a constant mode of A++
correspond to a linearly growing a.
The gauge invariant chiral curvature superfield can be expressed using either of these
fields
R− = 2∂−−D+V = ∂−−D+Σ . (4.2)
Super-Weyl transformations are associated with a chiral δΣ and simply shift Σ. Their
action on V is 2δV = δΣ + δΣ. The shift of a by a constant represents the action of the
global vector U(1) symmetry that is not gauged. This global symmetry shifts Σ by an
imaginary constant and does not act on V .
Then, the most general expression for the anomaly action is
δΣ logZ =
c
12π
(
i
∫
d2xdθ+δΣR− + c.c.
)
+
i
4π
∫
d2xdθ+dθ
+
(
(δΣ+ δΣ)AI∂−−λI + (δΣ− δΣ)BI∂−−λI
)
+ c.c. .
(4.3)
So far, AI , BI are arbitrary functions of the couplings.
The first term is the ordinary central charge anomaly. It can also be written as follows
in our two slightly different versions of conformal gauge:
i
c
12π
∫
d2xd2θ+(δΣ− δΣ)∂−−(Σ + Σ) = i c
6π
∫
d2xd2θ+(δΣ− δΣ)∂−−V . (4.4)
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The functions AI , BI represent the anomalies that arise in the presence of exactly marginal
coupling constants. Already from this we can infer that the metric on M is Hermitian.
The components expansion of (4.3) leads to a term proportional to δσǫµν(∂JAI −
∂IAJ)∂νλ
I∂µλ
J
+ c.c.. However as we discussed in section 2, this is consistent only if
(locally) AI = ∂IK. Furthermore, K has to be real in order to eliminate type-A anomalies
that are present upon expanding the first term. Similar considerations show that BI = ∂IH
with some real function H.
Therefore, the anomaly must be of the form
δΣ logZ =
i
4π
∫
d2xd2θ+
(
(δΣ− δΣ)∂−−
(
2c
3
V +H
)
+ (δΣ+ δΣ)
(
∂IK∂−−λI − ∂IK∂−−λ
I
))
.
(4.5)
The expression (4.3) satisfies the usual consistency conditions including the Wess-
Zumino conditions. We therefore see that our additional considerations in section 2 con-
cerning which anomalies are allowed show that the metric onM must be Ka¨hler (in accord
with intuition from heterotic compactifications, which lead to N = 1 supergravities). Be-
low we will also find some global restrictions on M.
As in (3.14)-(3.15), we can express the anomaly as an operator statement. The theories
we study have a supercurrent multiplet with real R±± and T−−−− satisfying [57] (see
Appendix C)
∂−−R++ + ∂++R−− = 0 ,
D+ (T−−−− − i∂−−R−−) = 0 .
(4.6)
When the theory is conformal we also have D+R−− = 0. R−− is the left-moving current
that we assumed exists in the CFT. Our anomaly modifies D+R−− = 0 to
D+R−− = i
c
12π
R− + i
4π
D+(∂IK∂−−λI − ∂IK∂−−λ
I
+ ∂−−H) . (4.7)
Next we should identify the ambiguity (i.e. the cohomologically trivial terms that
arise from variations of (0, 2)-supersymmetric local counterterms). This will allow us to
determine the actual anomaly. For that we should supersymmetrize (2.6). We can either
use the full nonlinear supergravity (see e.g. [58]), or simply use linearized supergravity as
in [57] and Appendix C to show that the local counterterm is
− i
8π
∫
d2xdθ+h(λI)R− , (4.8)
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where h(λI) is holomorphic. This counterterm allows us to absorb some holomorphic
transformations on H and K but most of the information in (4.5) is cohomologically
nontrivial.
Even though the anomaly associated with H seems like a nontrivial anomaly, which
cannot be absorbed in a local counterterm, in fact, it is not physical in (0, 2) theories.
It can be absorbed in a redefinition of V .13 Physically, this means that we redefine the
metric and its superpartners by some function of the coupling constants λI , λ
I
. In other
words, when we allow the couplings to be general functions, we can add new terms to the
Lagrangian that vanish upon setting the couplings to constants. Such a freedom exists
in (0, 2) theories and it leads to the anomaly H. There is no a priori principle that fixes
H, unless the theory is a (2, 2) theory in which case this freedom does not exist and H
becomes physical (4.1).
After removing H we conclude that the anomaly can be written as
δΣ logZ = i
c
12π
(∫
d2xdθ+δΣR− − c.c.
)
+
i
4π
∫
d2xd2θ+(δΣ+ δΣ)
(
∂IK∂−−λI − c.c.
)
.
(4.9)
Expanding it in components with the only nonzero background fields Σ = σ + ia and
λI | we find
δΣ logZ = − 1
2π
∫
d2x
( c
6
(δσσ + δaa)
+ δσGIJ∂
µλI∂µλ
J − 1
4
δσK +
1
4
δa (∂µAµ + ǫµν∂µAν)
)
,
GIJ = ∂I∂JK ,
Aµ = i
(
∂IK∂µλ
I − ∂IK∂µλ
I
)
.
(4.10)
The first term is the ordinary anomaly. The second term is the anomaly (2.5) associated
with the metric on M.
13 Note that we cannot absorb H in Σ+Σ by a local transformation. However, this redefinition
is indeed a truly local transformation in (0, 2) supergravity. It can be understood in linearized
supergravity before picking any gauge. There we simply shift H by the function H(λI , λI). This
modifies the couplings of the theory to curved space by additional terms in the Lagrangian, which
depend on the coupling constants. For conformal theories, this modification only depends on
derivatives of the coupling constants. Such ambiguities do not play a role in (2, 2) theories.
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The situation with Ka¨hler transformations is as in (2, 2) theories. Ka¨hler transfor-
mations can be absorbed in a shift of Σ. As there, e
c
6
Σ is a holomorphic section of a line
bundle overM and thereforeM is not only Ka¨hler, but it is also Hodge. Also, as in (2, 2)
theories, we suggest that the Ka¨hler class of M is in fact trivial.
These results are consistent with the expectation from the string application of these
models. When the (0, 2) theory is used as the worldsheet of a compactified heterotic string
it leads to N = 1 supersymmetry in four dimensions and M is the target space of some
of its chiral superfields. In this case it is known that M should be Ka¨hler [56,54] and
Hodge [42]. We extend these conclusions to all (0, 2) SCFTs and argue that the Ka¨hler
class of M should be trivial.
While the anomaly functional (4.10) contains the term δσK, the partition function
depends on the choice of H (which we have set to zero for simplicity) and therefore it is
not universal.
5. N = 2 Supersymmetry in d = 4
We now proceed to the supersymmetric generalization of the conformal anom-
aly (2.13). For N = 2 supersymmetry the appropriate superspace expression is
δΣ logZ ⊃ 1
192π2
∫
d4x d4θ d4θ E(δΣ+ δΣ)K(λI , λ
I
) . (5.1)
The super-Weyl parameters δΣ and δΣ are chiral and anti-chiral superfields, respectively.
They can be viewed as a conformal compensator in N = 2 supergravity [59]. λI and λI
are chiral and anti-chiral superfields with Weyl weight zero, whose lowest components are
the exactly marginal couplings, which we also denote as λI and λ
I
. K(λ, λ) is the Ka¨hler
potential on the conformal manifold M.
In addition to the anomaly that contains the moduli, we also have the usual Weyl
anomaly, which depends only on the supergravity multiplet. Its superspace expression is
an integral over chiral N = 2 superspace (see e.g. [60] and Appendix B for details)
δΣ logZ ⊃ 1
16π2
∫
d4x d4θ EδΣ
(
aΞ + (c− a)WαβWαβ
)
+ c.c.
⊃ 1
16π2
∫
d4x
√
γ δσ
(
cCµνρσCµνρσ − a
(
E4 − 2
3
R
))
,
(5.2)
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whereWαβ and Ξ are chiral superfields. Wαβ is the Weyl superfield, while Ξ is constructed
from curvature superfields that appear in the commutators of super-covariant derivatives
in curved superspace.
To work out the component field expansion of (5.1), we need to know the component
expansion of an action of the general form
S =
1
4
∫
d4x d4θ d4θ EK(λA, λA) , (5.3)
where λA and λA are N = 2 chiral and anti-chiral multiplets with Weyl weight w = 0,
respectively. For our anomaly (5.2) we will then specify to
K(λA, λA) = 1
192π2
(δΣ+ δΣ)K(λI , λI) . (5.4)
For calculating the component expansion of (5.3) we follow [61]. We start with the
special case K = AB, where A and B are chiral and anti-chiral multiplets respectively.
Keeping only the bottom components A| = A, B| = B, and the metric background (i.e.
dropping the bosonic auxiliary fields in the supergravity multiplet), we get
S =
∫
d4x
√
γ
(
∇2A∇2B − 2∇µA
(
Rµν − 1
3
Rγµν
)
∇νB
)
. (5.5)
In order to find the answer for a generic K(λA, λA) we expand around a reference point
and then use the fact that product of chiral multiplets with Weyl weight w = 0 is a chiral
multiplet with w = 0 and similarly for anti-chiral multiplets. Then K(λA, λA) can be
expressed as a sum
∑
iAiBi with chiral Ai and anti-chiral Bi and we can use (5.5) for each
term in the sum. Doing this we arrive at
S =
∫
d4x
√
γ
{
KABCD∇µλA∇µλB ∇νλC ∇νλD +KABC∇µλA∇µλB λC
+KABC∇µλA∇µλB λC +KAB λAλB
− 2KAB∇µλA
(
Rµν − 1
3
Rγµν
)
∇νλB
}
,
(5.6)
where λA = (Σ, λI) (λA = (Σ, λI). Using (5.4) and the following definitions for the metric,
connection and curvature on a Ka¨hler manifold with Ka¨hler potential K
gIJ = ∂I∂JK ,
ΓIJK = g
IL∂J∂K∂LK ,
RIJKL = ∂I∂JgKL − gMN ∂IgKL ∂JgMN ,
(5.7)
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we arrive, after several integrations by parts, at
δΣ logZ ⊃ 1
96π2
∫
d4x
√
γ
{
δσRIKJL∇µλI ∇µλJ ∇νλK ∇νλL
+ δσgIJ
(
̂λI ̂λJ − 2
(
Rµν − 1
3
Rγµν
)
∇µλI ∇νλJ
)
+
1
2
K 2δσ +
1
6
K∇µR∇µδσ +K
(
Rµν − 1
3
γµνR
)
∇µ∇νδσ
− 2 gIJ ∇µλI ∇νλJ ∇µ∇νδσ + i gIJ
(
∇̂µ∇̂νλI ∇νλJ − ∇̂µ∇̂νλJ ∇νλI
)
∇µδa
− i
2
(
∇̂I∇̂JK∇µλI∇µλJ − ∇̂I∇̂JK∇µλI∇µλJ +∇IK ̂λI −∇IK ̂λI
)
δa
+ i
(
Rµν − 1
3
Rγµν
)(
∇IK∇µλI −∇IK∇µλI
)
∇νδa
}
.
(5.8)
As in (2.13), the hats denote covariant derivatives with respect to target space diffeomor-
phisms acting on the λI . Note that this action is completely covariant under target space
diffeomorphisms and we nicely identify the term (2.13) in the second line of (5.8). We also
identify the new anomaly (2.14) in the first line. It appears with the Riemann tensor of
M. To take into account the complete anomaly we have to add (5.2) to (5.8).
Using the expressions in Appendix B one realizes that the terms in the third line
of (5.8) can be written as a variation of a local term. Specifically,
√
γ
(
1
2

2δσ +
1
6
∇µR∇µδσ +
(
Rµν − 1
3
γµνR
)
∇µ∇νδσ
)
=
√
γ
1
2
∆4 δσ
= δσ
(√
γ
[
1
8
E4 − 1
12
R + cC2
])
,
(5.9)
where c is an arbitrary function of the moduli and ∆4 the FTPR operator (see Appendix
B). For c = 0 this is precisely the combination that appears in the N = 2 supersym-
metric version of the Gauss-Bonnet invariant (see e.g. [62]). The supersymmetric Gauss-
Bonnet term may include as a prefactor an arbitrary holomorphic function of the moduli.
Therefore, (5.8) is cohomologically trivial if K = F + F is a sum of a holomorphic and
anti-holomorphic function of the moduli, in which case it reduces to
1
192π2
∫
d4x
√
γ (F∆4σ + c.c.) . (5.10)
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Indeed, consider the following local superspace counterterm∫
d4x d4θ EF (λ) (Ξ−WαβWαβ)+ c.c. (5.11)
The combination Ξ −WαβWαβ contains the Euler combination E4 − 23R and its Weyl
variation is the supersymmetrization of (5.10).
To arrive at the S4 partition function we simply need to integrate the combination
appearing in (5.9) on S4. Using∫
S4
√
γ
(
E4 − 2
3
R + cC2
)
= 64 π2 (5.12)
we find14
Z[S4] =
(
r
r0
)−4a
eK/12 , (5.13)
as claimed in [10] and [14]. We note that (5.13) is true for any superconformally flat
compact four-manifold if we express the prefactor in terms of its volume.
The Ka¨hler ambiguity K → K+F+F of the partition function is taken care of by the
ambiguous local counterterm (5.11). As in d = 2, we will now see that the trace anomaly
is invariant under a correlated Ka¨hler shift and Weyl transformation.
To find the change of the anomaly polynomial (5.2) under an infinitesimal Weyl trans-
formation δΣ˜, we use (cf. [60])
δ
Σ˜
Ξ = 2 δΣ˜ Ξ− 2∆ δΣ˜ , (5.14)
where ∆, the chiral projection operator, is the N = 2 supersymmetric generalization of
the FTPR operator (see also Appendix B). The Weyl superfield Wαβ transforms homoge-
neously with weight one, while the chiral superspace density E transforms with weight −2
(the full superspace density E is invariant). We then find
δ
Σ˜
δ
Σ
logZ = − a
8π2
∫
d4x d4θ E δΣ∆ δΣ˜ + c.c. . (5.15)
On the other hand, under a Ka¨hler shift K → K + F + F it transforms as
δF δΣ logZ =
1
192π2
∫
d4x d8θ E(δΣF +δΣF ) =
1
192π2
∫
d4x d4θ E δΣ∆ F +c.c. (5.16)
14 Since the S4 background is superconformally flat, the super-Weyl invariant terms in Z vanish.
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Therefore, choosing
δΣ˜ =
1
24a
F , (5.17)
the anomaly polynomial is invariant under an infinitesimal joint Ka¨hler-Weyl transforma-
tion and therefore also under a finite transformation. The invariance can be explicitly seen
to hold for the partition function (5.13).
As in two dimensions, this means thatM is not only Ka¨hler, but it is also Hodge. In
addition, using background λI that vary in spacetime and wrap a nontrivial cycle in M,
we argue that the Ka¨hler class of M must be trivial. (For certain cases with an N = 4
AdS5 dual, it has been argued in [63] thatM is special-Ka¨hler. It would be interesting to
understand when this happens in general.)
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Appendix A. Normalization of the Anomaly
The normalization of the anomaly (2.5) and (2.13) is fixed as follows. We compute the
change of the contact term in d = 2 under constant rescaling of the coordinates x → eλx
by writing the two-point function as
1
|x|4 =
1
32

2
(
log2(x2µ2)
)
, (A.1)
whose anomalous Weyl variation is
δ
(anom)
λ
1
|x|4 =
λπ
2
 δ(2)(x) . (A.2)
This is the contact term that is reproduced by the anomaly functional (2.5).
In d = 4 we write
1
|x|8 = −
1
768

3
(
log(x2µ2)
x2
)
, (A.3)
whose anomalous Weyl variation is
δ
(anom)
λ
1
|x|8 =
λπ2
96

2δ(4)(x) . (A.4)
This is matched by the anomaly (2.13).
Appendix B. The FTPR operator and its properties
We collect some properties of the Fradkin-Tseytlin-Paneitz-Riegert operator [33]. It
arises in our context in the case that there is only one exactly marginal modulus and
one integrates (2.13) by parts. One obtains, up to cohomologically trivial terms, that the
anomaly is ∫
d4x
√
γ δσλ∆4λ , (B.1)
where
∆4 = 
2 +
1
3
∇µR∇µ + 2Rµν∇µ∇ν − 2
3
R (B.2)
is the FTPR-operator with the defining property that under Weyl rescaling of the metric,
∆4 → e−4δσ∆4 (B.3)
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when it acts on a scalar. Another property of ∆4 which is used in Section 5 is
δσ
(
E4 − 2
3
R
)
= −4 δσ
(
E4 − 2
3
R
)
+ 4∆4δσ . (B.4)
This can be derived using
δσR = −2 δσ R− 6δσ ,
δσRµν = −2∇µ∇νδσ − gµνδσ ,
δσR = −4 δσR − 2Rδσ − 2∇µR∇µδσ − 62δσ ,
(B.5)
and the expression for the Euler density which we normalize to
E4 = C
µνρσCµνρσ − 2RµνRµν + 2
3
R2 (B.6)
such that ∫
S4
d4x
√
γ E4 = 64 π
2 . (B.7)
Here Cµνρσ is the Weyl tensor.
In two dimensions instead of ∆4 we have ∆2 ≡ . It satisfies ∆2 → e−2δσ∆2 and
δE2 = δR = −2δσR − 2∆2 δσ with
∫
S2
d2x
√
γE2 = 8π.
The conformally covariant operators have generalizations in chiral superspace. In
d = 2,N = (2, 2) this is the chiral projection operator∇2 which transforms as∇2 → eδΣ∇2
under super-Weyl transformations, which are parameterized by a chiral superfield δΣ (with
a similar transformation for the anti-chiral projector ∇2).
For N = 2 in d = 4 the analog of the FTPR operator is the chiral projection operator
∆ with the infinitesimal transformation δΣ∆ = 2 δΣ∆ under a super-Weyl transformation
parameterized by a chiral scalar superfield δΣ. Its precise definition in terms of super-
covariant derivatives and curvature superfields is reviewed in [60], where one also finds
references to the original literature.
Appendix C. Review (and conventions) of two-dimensional supersymmetry
C.1. (2, 2)
We will use the notation x±± for the coordinates, which makes it easier to com-
pare with spinors. In Euclidean signature x++ is the complex conjugate of x−− and in
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Lorentzian signature they are two real independent coordinates. The Ricci scalar is given
by R
√
γ = −12 log γ in the conformal gauge, where γ = det γµν .
The supercovariant derivatives, which can be obtained from the four-dimensional ones
of Wess and Bagger by dimensional reduction, are
D± =
∂
∂θ±
− i θ±∂±± , D± = − ∂
∂θ
± + i θ
±∂±±, (C.1)
The algebra is
{D+, D+} = 2i∂++ , {D−, D−} = 2i∂−− . (C.2)
Chiral superfields λ and twisted chiral superfields λ˜ are defined by
D±λ = 0
D+λ˜ = D−λ˜ = 0 .
(C.3)
There are two interesting energy-momentum supermultiplets in a (2, 2) theory with
an R-symmetry [57]. They are related by mirror symmetry. First, there is the U(1)V
supermultiplet
D±R∓∓ = ±χ∓ , D+χ± = D−χ± = 0 , D+χ− = D−χ+ . (C.4)
It immediately follows that the bottom component, R∓∓
∣∣ ≡ jV∓∓ is a conserved vector
current
∂++j
V
−− + ∂−−j
V
++ = 0 . (C.5)
Often, there exists a twisted chiral operator T˜ such that
χ+ = D+T˜ , χ− = −D−T˜ (C.6)
and then the last two equations in (C.4) are automatically satisfied and the first becomes
D+R−− = −D−T˜ , D−R++ = −D+T˜ . (C.7)
The U(1)A supermultiplet is obtained formally by acting with a mirror symmetry
transformation on (C.4)
D±J∓∓ = ±Y∓ , D±Y± = 0 , D±Y∓ = 0 ,
D+Y− +D−Y+ = 0 .
(C.8)
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In this case jA∓∓ ≡ J∓∓
∣∣ is a conserved axial current
∂++j
A
−− − ∂−−jA++ = 0 . (C.9)
Often, there is a chiral W such that
Y± = D±W (C.10)
and then (C.8) is replaced by
D±J∓∓ = ±D∓W . (C.11)
Now we discuss linearized coupling to supergravity (see also the analysis of [41].) We
start from the case of U(1)A supergravity. The supergravity multiplet is (H±±,Σ), where
H±± is real (in Lorentzian signature) and Σ is chiral. The linearized coupling to matter
then takes the form
δL =
∫
d4θ
∑
±
H±±J∓∓ +
(∫
d2θΣW + c.c.
)
. (C.12)
This is invariant under the linearized transformations
δH±± = D±L± −D±L± ,
δΣ = −D2(D+L− −D−L+) ,
(C.13)
where L± are arbitrary superfields. Note that the first line of (C.13) is consistent with the
reality of H±± and that the action (C.12) is invariant under (C.13) by using the defining
relations (C.4).
In the superconformal gaugeH±± = 0 and the only degree of freedom is Σ = σ+ia+....
Here σ is the conformal factor in the metric and a represents the U(1)A gauge field in
Lorentz gauge Aµ = ǫµν∂
νa. Under the super-Weyl transformations Σ is shifted by a chiral
superfield δΣ. The shift of a by a constant is a U(1)V global symmetry transformation.
The situation in U(1)V supergravity is analogous. In that case the only mode in the
superconformal gauge is the twisted chiral superfield Σ˜.
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C.2. (0, 2)
For (0, 2) theories with a conserved R-symmetry the supercurrent multiplet consists
of three superfields, R±±, T−−−−, which are real in Lorentzian signature. They satisfy [57]
∂−−R++ + ∂++R−− = 0 ,
D+ (T−−−− − i∂−−R−−) = 0 .
(C.14)
Hence, the R-current is vectorial ∂++j−− + ∂−−j++ = 0. In components we have
R++ = j++ − iθ+S+++ − iθ+S+++ − θ+θ+T++++ ,
R−− = j−− − iθ+S+−− − iθ+S+−− − θ+θ+T++−− ,
T−−−− = T−−−− − θ+∂−−S+−− + θ+∂−−S+−− − θ+θ+∂−−∂++j−− .
(C.15)
We couple this theory to linearized supergravity in a standard fashion. We introduce
three real superfields, H++,H,H−−−−, and the linearized coupling takes the form
L =
∫
dθ+dθ
+
(T−−−−H++ +R−−H +R++H−−−−) . (C.16)
The complete super-diffeomorphism group is generated by the following transformations
H++ →H++ +
(
Λ++ +Λ++
)
,
H → H+ i∂−−
(
Λ++ − Λ++
)
+ ∂++U−− ,
H−−−− →H−−−− + ∂−−U−− .
(C.17)
Above Λ is chiral and Λ is anti-chiral. U is a general multiplet.
The curvature is in the invariant chiral superfield
R− = D+
(
i∂2−−H++ + ∂−−H− ∂++H−−−−
)
= −i (∂−−Ψ+ − ∂++Ψ−−−)− i
4
θ+(R
√
γ − 2iF ) .
(C.18)
Here Ψ+ and Ψ−−− are components of the “gravitino” and originate from H and H−−−−,
respectively. R and F are the Ricci scalar and the field strength of the U(1) R-gauge field,
respectively.
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Appendix D. (2, 2) and (0, 2) Supersymmetric Backgrounds in Superconformal
Gauge
In this appendix we repeat the classification of supersymmetric backgrounds of [41].
These authors used linearized supergravity to find the equations for supersymmetric back-
grounds and then covariantized them. Instead, we will use the superconformal gauge. This
way we will not have to rely on linearized or the full nonlinear supergravity. The point is
that every (2, 2) background in two dimensions can be brought locally to a superconformal
gauge and then all the information is contained in a chiral superfield Σ. (More precisely,
we will be using U(1)A supergravity where the conformal factor is in a chiral multiplet. It
is trivial to repeat the analysis in U(1)V .)
As we said, the advantage of using this presentation is that there is no need to use
supergravity. We simply use flat space ordinary superconformal symmetry.
We will set the fermionic components of Σ to zero; i.e. Σ = σ + ia + θ2w, Σ =
σ − ia + θ2w. We will assume that σ, which is the conformal factor, is real. But we
will allow non-unitary backgrounds in which a can be complex and w is not the complex
conjugate of w.
Most of our analysis will be local. The global considerations are easily implemented
later. We will denote the Killing spinors for the supersymmetry variation as ζα, ζ
α
with
α = ±, and will view them as four independent complex variables (no particular reality).
The conditions for supersymmetry are
∂±±ζ∓ = ∂±±ζ
∓
= 0
∂++
(
eσ+iaζ
+
)
+
i
2
weσ+iaζ− = 0, ∂−−
(
eσ+iaζ
−)− i
2
weσ+iaζ+ = 0
∂++
(
eσ−iaζ+
)
+
i
2
weσ−iaζ
−
= 0, ∂−−
(
eσ−iaζ−
)− i
2
weσ−iaζ
+
= 0 .
(D.1)
The first equation is the standard restriction due to flat space superconformal symmetry.
The remaining equations state that the fermionic components of eΣ and eΣ are invariant.
Note that ζ+ and ζ
−
have the same U(1)A R-charge, and e
σ+ia and w are neutral under
it.
The N = (2, 2) supersymmetric background Σ can be classified as follows according
to the preserved supercharges given by the Killing spinors ζα, ζ
α
.
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The first class of backgrounds preserves one supercharge of a given U(1)A charge.
Without loss of generality we can take the Killing spinors as nonzero (ζ+, ζ
−
) and ζ
+
=
ζ− = 0. We find for every σ and a
Σ = σ + ia− 2iθ2 ζ
−
ζ+
∂−−
(
σ + ia+ log ζ
−)
Σ = σ − ia+ 2iθ2 ζ
+
ζ
− ∂++
(
σ − ia+ log ζ+) (D.2)
where ζ+ = ζ+(x++) and ζ
−
= ζ
−
(x−−) are arbitrary functions of x++ and x−− respec-
tively. (In Euclidean space they are holomorphic and anti-holomorphic functions.) Recall
that our analysis is local; global considerations restrict these functions.
The second class of backgrounds preserves two supercharges with opposite U(1)A R-
charge, denoted as (ζ+1 , ζ
−
1 ) and (ζ
+
2 , ζ
−
2 ). Imposing invariance under (ζ
+
1 , ζ
−
1 ) we find
again (D.2) with ζ → ζ1. Imposing invariance under (ζ+2 , ζ−2 ) we find another expression,
which is related to (D.2) by ζ → ζ2, w ↔ w, a → −a. Consistency of the two solutions
constrains σ and a(
ζ+1 ζ
+
2 ∂++ + ζ
−
2 ζ
−
1 ∂−−
)(
σ + ia+ log ζ
+
2 (x
++)ζ
−
1 (x
−−)
)
= 0 . (D.3)
This means that σ and a are invariant under the vector v ≡ ζ+1 ζ
+
2 ∂++ + ζ
−
2 ζ
−
1 ∂−− (up to
a superconformal transformation by log ζ
+
2 (x
++)ζ
−
1 (x
−−)).
There are two such cases depending on whether v = 0 or v 6= 0. They lead to the
topological twist and Ω-deformation respectively.
For v = 0 it suffices to assume that one component of v vanishes. Without loss of
generality take ζ+1 = 0 with nonzero ζ
−
1 . The solution (D.2) gives
Σ = θ2w, Σ = 2σ, (D.4)
i.e. a = iσ, w = 0 with arbitrary σ and w. This is the topological twist. The anti-
topological twist corresponds to a = −iσ.
In the second case v 6= 0 and σ and a must have an isometry given by the vector v. Up
to a conformal transformation we can take the Killing spinors to be (ζ+1 , ζ
−
1 ) = (ǫx
++, 1)
and (ζ
+
2 , ζ
−
2 ) = (1,−ǫx−−). Here ǫ is a constant describing the Ω-deformation. The
corresponding isometry vector is v = ǫ (x++∂++ − x−−∂−−). Therefore, σ and a are
32
arbitrary function of the invariant combination x++x−−. The supersymmetry algebra
satisfies δ1δ2 + δ2δ1 = iLv 6= 0. And the background is
Σ = (σ + ia)− 2i
ǫ
θ2
1
x++
∂−− (σ + ia) ,
Σ = (σ − ia) + 2iǫθ2x++∂++
(
σ − ia + log x++) . (D.5)
Two limiting cases are interesting. For ǫ → 0, the solution (D.5) becomes the topo-
logical background (D.4). For a = iσ with nonzero ǫ, equation (D.5) reproduces the
two-dimensional Ω-background in [41]
Σ = 0, Σ = 2σ + 2iǫθ
2
x−−∂−−
(
2σ + log x−−
)
. (D.6)
The background (D.5) preserves maximally four supercharges, if and only if the
spacetime metric is maximally symmetric and the U(1)A gauge field has zero curvature
∂++∂−−a = 0. For a sphere the maximally supersymmetric background is given by
Σ = − log (1 + x2)+ θ2 2i/ǫ
1 + x2
Σ = − log (1 + x2)+ θ2 2iǫ
1 + x2
,
(D.7)
where x2 ≡ x++x−−. The sphere background (D.7) is not unitary since Σ∗ 6= Σ. The
result agrees with the supersymmetric sphere background of [11,12].
Similarly we can classify the N = (0, 2) supersymmetric backgrounds. They are
determined by imposing the vanishing right-moving supersymmetry variation on the chiral
superfield eΣ = eσ+ia
∂−−ζ+ = ∂−−ζ
+
= 0 ,
∂++
(
eσ+iaζ
+
)
= 0 ,
∂++
(
eσ−iaζ+
)
= 0 .
(D.8)
There is only one class of N = (0, 2) smooth supersymmetry backgrounds. They are
referred to as (anti-) topological half-twist in [55] .
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